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Abstract
We discuss the chiral condensate of the vacuum inside the baryon. We analyze
the 1+1 dimensional chiral bag in analogy with the realistic 3+1 dimensional one.
The Nambu–Jona-Lasinio type interaction is used to investigate the spontaneous
chiral symmetry breaking in a chiral bag. Considering the strong meson-quark
coupling, we solve the mean field solution to the scalar and pseudoscalar channels
in the NJL interaction. The self-consistent equation allows a finite value of the
chiral condensate and hence the dynamical quark mass inside the bag. The chiral
vacuum polarizations, for fractional baryon number and chiral Casimir energy, are
investigated. It is shown that the Cheshire Cat picture holds for massive quarks.
1 Introduction
The strange matter containing a large amount of strangeness has been one of the most
interesting topics in the quark and hadron physics [1, 2, 3]. The strange matter hypothesis
is supported by the idea that the quark matter at sufficiently high density is a weakly
interacting matter due to the asymptotic freedom in the QCD [4]. There, the quark matter
is regarded nearly as a free fermion gas whose energy stability is determined almost solely
by the Fermi energies. Hence, a finite amount of the strangeness stabilizes the quark
matter by decreasing the Fermi energies of up, down and strange quarks.
Accordingly a possibility of the existence of droplets of the strange matter, which are
called strangelets, has been discussed by many authors [3, 5, 6, 7, 8]. Several experimental
searches of strangelets were done in the heavy ion collisions and cosmic rays [8, 9]. Indeed,
the studies by the MIT bag model indicated that the energy per baryon of the strangelets
could be smaller than the mass per baryon of the normal nuclei. However, in those
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approaches, quarks are treated as free particles in the bag. Therefore, non-perturbative
dynamics of quarks and gluons is not considered.
On the other hand, the dynamical chiral symmetry breaking has been known to play
a fundamental role in the low energy QCD so that the scalar q¯q condensate takes a
finite value in the vacuum [10]. Several studies based on the Nambu–Jona-Lasinio (NJL)
model discussed effects of the dynamical chiral symmetry breaking in the strange matter
[11, 12, 13]. They concluded that the bulk strange matter is not a stable state, since
the strange quarks have a significantly heavier constituent mass than the up and down
quarks. Their results are also consistent with the studies in constituent quark models
[14, 15, 16].
Furthermore, applying the NJL model to the strangelets with finite volume their sta-
bility was discussed in view of chiral symmetry breaking [17, 18, 19, 20, 21]. There, the
chiral symmetry breaking in the strangelets was considered by the NJL interaction. The
chiral condensate in the finite size system was investigated in the basis set of the wave-
functions in the spherical chiral bag. This model setup was called as the NJL chiral bag
model. In this model, the quarks confined in the chiral bag acquire dynamical mass due
to the chiral symmetry breaking.
In the NJL chiral bag model, the pion field plays an important role in the chiral vacuum
polarization in the strong pion-quark coupling as in the same way in the conventional chiral
bag model [22, 23, 24, 25, 26, 46, 27, 28, 29, 30, 31, 32]. The strong pion field induces
fractional baryon number and chiral Casimir energy. It is known in the conventional chiral
bag with massless quarks that the fractional baryon number in the pion sector is canceled
by that of the vacuum polarization in the quark sector [33, 34, 35]. Therefore, the total
baryon number in the pion and quark sectors is exactly conserved; the net contribution
is solely from the valence quarks. The baryon number conservation was also confirmed in
the NJL chiral bag model with a finite quark mass [36, 37]. Similarly, the chiral Casimir
energy was also obtained in the NJL chiral bag [37]. Therefore, the NJL chiral bag model
is an extension of the conventional chiral bag model where the non-perturbative physics
of the QCD vacuum is taken into account.
The non-perturbative vacuum structure in the bag is one of long standing problems in
the quark and hadron physics [38, 39, 40, 51, 52]. It was found that the MIT bag interior
was not a simple perturbative vacuum, but is influenced by the non-zero quark and gluon
condensate induced by the boundary condition. In the chiral bag, the pion cloud is also
a source for a non-perturbative nature inside the bag, since the pions and quarks interact
with each other at the bag surface [35]. The studies of the bag model showed that the
scalar quark condensate has a finite value 〈ψ¯ψ〉 ≃ −(0.1GeV)3 in the MIT bag model [39]
and in the chiral bag model [35]. It is competitive with the observed value −(0.25GeV)3.
The aim of the present work is to discuss the non-perturbative dynamics of quarks
in the bag. We investigate the quark scalar condensate and the dynamical quark mass
in the NJL chiral bag model. In our previous works, it is shown that a finite value of
the scalar mean field in the NJL chiral bag breaks the periodicity of the Dirac spectrum
under a discrete translation of the chiral angle F → π − F [21, 37]. This is because the
quark mass term induced by the scalar mean field breaks chiral symmetry. Then it causes
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a divergence of the chiral Casimir energy in the limit of zero bag radius (Skyrmion limit).
This result also indicates that the Cheshire Cat picture does not hold for a finite quark
mass.
In the present work, we will show that chiral symmetry is recovered by considering the
mean field approximation in the NJL interaction, not only in the sigma channel, but also
in the pion channel in the two flavor case. Following the notation of Ref. [21], the latter
mean field comes from the hedgehog ansatz in the pion sector, i.e., −2G〈ψ¯ψ〉 = m cosF
and −2G〈ψ¯iγ5~τψ〉 = m~n sinF , where ψ is a two flavor spinor, ~τ Pauli matrices, ~n a unit
vector perpendicular to the bag surface, G the coupling constant in the NJL interaction,
and F the chiral angle at the bag surface. In this paper, in order to avoid numerical
complications of the 3+1 dimensional model, instead, we consider a 1+1 dimensional
system in analogy with the realistic case. In this way, we expect to learn essential non-
trivial dynamics of the NJL interaction inside the bag. In our model, quarks are confined
in a finite segment of the line in a U(1)× U(1) chiral symmetric way. This simplification
has an advantage that an analytical calculation can be performed. Such a model setup
does not modify the qualitative feature of the chiral vacuum polarization in the realistic
3+1 dimensional bag. Indeed, in the conventional chiral bag model with massless quarks,
the 1+1 dimensional chiral bag was shown to provide a clear understanding of the quark
vacuum polarization properties [44, 45].
This paper is organized as follows. In Section 2, we introduce the NJL chiral bag
model in the 1+1 dimensional system. Using the hedgehog ansatz and the mean field ap-
proximation for the NJL interaction, we derive a self-consistent equation and investigate
the baryon number conservation and the chiral Casimir energy as chiral vacuum polar-
izations. In Section 3, we solve the self-consistent equation and obtain the total energy
of the NJL chiral bag. In Section 4, we discuss our results. The final section is devoted
to the conclusion.
2 The chiral bag with the NJL interaction
The purpose of this section is to formulate the 1+1 dimensional chiral bag with the NJL
interaction. Here, we discuss effects of finite quark mass, which are induced by the mean

























(2− U − U †)
]
θ(|x| − R),
where the quark field ψ has single flavor with U(1) × U(1) symmetry inside the one
dimensional bag |x| < R. In 1+1 dimension, the quark field is expressed by a two
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in the chiral representation. The quarks inside the bag interact with each other through
the NJL interaction in the second term in the first bracket with a coupling constant G.
The second term with the δ function represents an interaction between quarks and pions
at the bag surface at |x| = R. The last term is the meson lagrangian outside the bag
|x| > R. We use the sine-Gordon field with U(1)× U(1) symmetry [44]
U = eiφ, (3)
which mimics the topological property of the pion field in the 3+1 dimensional system
in the Skyrme model [41, 42, 43]. The last term with λ is a cosine potential to give a
dynamically stable soliton solution, in which λ plays a role of the “pion mass”. The pion
decay constant is a dimensionless quantity in the 1+1 dimensional system, and can be
eliminated by rescaling the chiral field and the pion mass. The energy of the sine-Gordon
field is 8λ when we take the zero bag radius limit.
Considering the strong coupling between quarks and mesons at the bag surface, we
introduce the “hedgehog” mean fields. In the meson field for |x| ≥ R, we consider
φ(x) = ǫ(x)F (x), (4)
with a chiral angle F which is a positive function of the position x. The sign function
ǫ(x) = x/|x| represents the “hedgehog” structure in the 1+1 dimensional system [44].




2 sin(φ− π) = 0, (5)
has a static solution in the limit of the zero bag radius,
F (r) = ǫ(x)
(
2π − 4 arctan eλ|x|
)
. (6)
Note that F (r) approaches zero in the limit |x| → ∞ as shown in Fig 1. This behavior
mimics the Skyrmion solution in the 3+1 dimension. Our solution coincides with the
conventional solution in the sine-Gordon equation except for a phase factor. For instance,
if we replace F (x)→ F (x)+2π for x < 0, we find a continuous solution at x = 0 satisfying
F (−2∞) = 2π and F (+∞) = 0.
For the quark sector inside the bag, we introduce quark condensates not only in the
scalar channel, but also in the pseudoscalar channel. In the mean field approximation, we
take the following ansatz
− 2G〈ψ¯ψ〉 = m cosF, (7)









Figure 1: The solution of sine-Gordon equation in the zero bag radius limit.
for a self-consistent equation with a dynamical quark mass m. Here we assume that the
quark mass m and chiral angle F are chosen to be independent of the position x inside



















2 − λ2 (1 + cos(F − π))
]
θ(|x| −R).
The quark mass term with a constant chiral angle F keeps a symmetry of the lagrangian
under the transformation F → π − F as we see below. We call the term, eiγ5Fǫ(x), as
the chiral phase. The chiral angle was not considered in our proceeding analysis, since
only the scalar channel was chosen in the mean field approximation [37]. In the following
discussion, we will show that the chiral phase plays an important role, not only in the
vacuum polarization, but also in the quark condensates.
The mean field approximation is taken in a basis set of the quark eigenenergies and
wavefunctions in the bag. The surface term in Eq. (9) induces a bag boundary condition
at x = R
iγ1ψ = −e
iFγ5ψ. (10)
Then, we obtain the eigenvalue equation
E(1 + κ sinF ) sin kR− κ cosF (k cos kR +m sin kR) = 0, (11)
for the states with |E| ≥ m with quark energy E2 = k2 + m2 and momentum k. For
|E| < m, replacing k → ik with E2 = −k2 +m2, we obtain
















Figure 2: Quark eigenenergies as functions of the chiral angle F for (a)mR = 0 and (b)mR = 1.
The solid and dashed lines indicate the parity κ = + and −, respectively.
The parity κ = ±1 is defined by the parity transformation
ψ(x)→ γ0ψ(−x) = κψ(x). (13)
In Fig. 2, we plot quark eigenenergy E as functions of the chiral angle F . It is
interesting that the energy levels are periodic with the periodicity π along with F . In
particular, the lowest level crosses E = 0 at F = π/2 regardless the mass value m. This is
due to the chiral phase in the mass term in Eq. (9); without the chiral phase this property
is not maintained as shown in [21, 37]. In Fig. 2, in the small energy region near E = 0,
we see that the spectrum for massive quark with mR = 1 is modified as compared with
that for the massless quark. However, the asymptotic behaviors in the high energy region
are qualitatively similar to the massless case.
2.1 Chiral vacuum polarization
In the NJL chiral bag model, various quark matrix elements have contributions from
the vacuum due to the modification of the Dirac spectrum by the strong pion field. In
this subsection, we discuss the vacuum polarization including the effect of the finite quark
mass. In principle, the quark mass m is related with the chiral angle F and the bag radius
R through the self-consistent equations, (7) and (8). However, in order to understand the
finite quark mass effect on the vacuum polarization, we take the quark mass as a constant
value irrespective to the chiral angle and the bag radius in this subsection.
Let us first investigate the baryon number. In the previous studies, the total baryon
number was shown to be always conserved, where the contribution of the bag vacuum
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played an essential role [36, 37]. Here, once again in the present model, the exact conser-
vation of the baryon number can be shown.
The expectation value of the baryon number carried by quarks is defined by the sym-
metric sum over positive and negative energy states. The fractional baryon number is
defined by














where the summation converges thanks to the convergence factor e−η|En|R. Instead of the
exponential type, it is much easier to use the Strutinsky method in numerical calculations.
This method has an advantage that a sufficient convergence is obtained by summing these
series up to n <∼ 20 [53, 54], while in the other methods we need more states, typically
n <∼ 100 [55, 56]. The numerical results agree with the form
Bq(m,F ) =
{
−F/π for 0 ≤ F < π/2
1− F/π for π/2 ≤ F < π
(15)
with integer n. This is valid for any quark mass m. This solution is obtained easily by
analytical calculation especially for the massless quark;
Therefore, containing the valence quarks with the baryon number Bval = 1 for 0 ≤
F < π/2 and 0 for π/2 ≤ F < π, we obtain the baryon number in the quark sector as
Bval +Bq =
{
1− F/π (Bval = 1) for 0 ≤ F < π/2
1− F/π (Bval = 0) for π/2 ≤ F < π
(16)
which give fractional baryon numbers depending on the chiral angle.
The total baryon number in the quark and pion sectors is conserved irrespective to



















dx = F/π. (18)
Then, the total baryon number is given as sum of them in the quark and pion sectors;
B = Bval +Bq +Bφ = 1.
Next we consider the chiral Casimir energy of the bag vacuum. The chiral Casimir
energy is defined as the difference of the energies at F and F = 0,
Ec(m,F ) = E˜c(m,F )− E˜c(m, 0), (19)
where




























Figure 3: The chiral Casimir energy Ec as a function of the chiral angle F . The short-dashed,
long-dashed and solid lines indicate the quark masses mR = 0, 1 and 2, respectively.
with Nc = 3. Especially for massless quarks, an analytical result is obtained as
Ec(0, F ) =
{
NcF
2/4π for 0 ≤ F < π/2
Nc(F − π)
2/4π for π/2 ≤ F < π.
(21)
In general, numerical results for the chiral Casimir energies are shown as functions of the
chiral angle for several quark masses in Fig. 3. It is a remarkable point that the chiral
Casimir energy vanishes at the chiral angle F = π, not only for massless quarks, but also
for massive quarks. This is because the chiral phase in the quark mass term conserves the
chiral symmetry in Eq. (9). Indeed, the chiral phase guarantees the periodic structure
of the quark spectrum in Fig. 2. We mention that, without the chiral phase, the chiral
Casimir energy takes a finite value at F = π as discussed in [21, 37].
2.2 Self-consistent solution of the NJL interaction
In this section we consider the self-consistent equations (7) and (8). We regard the quark
mass and the chiral angle as averaged values inside the bag, since they are assumed to be
independent of the position. Correspondingly, we also consider that the quark scalar and




















with bag volume V = 2R. Here, ǫ(x) was multiplied in Eq. (8) in order to obtain the
self-consistent equation as we see later (cf. Eq. (33)).
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Next, we calculate the vacuum polarization of the scalar and pseudoscalar condensates.











































It is mentioned that the sums (24) and (25) contain logarithmic divergences coming from
quarks in the ultraviolet region unlike the baryon number and the chiral Casimir energy.
































































































Here, H(x) is a harmonic number defines as
H(x) = −






with the Euler constant γ and the digamma function Ψ(x). It shows that the scalar and
pseudoscalar condensates have the logarithmic divergences proportional to (cosF log η)/π
and (sinF log η)/π, respectively. The existence of the logarithmic divergences has been
also confirmed numerically for massive quarks. Therefore, we are led to the subtraction
of the divergent terms to obtain finite quantities by redefining












It is noted that the reference point is chosen at F = π for both the scalar and pseudoscalar
























































Figure 4: (a) The scalar condensate 〈ψ¯ψ〉finiteV and (b) the pseudoscalar condensate
〈ψ¯iγ5ǫ(x)ψ〉finiteV as functions of the chiral angle F for several quark masses mR = 0, 1 and 2.
The solid lines indicate the sum of the valence and vacuum contributions, and the dashed lines































































for 0 ≤ F < π/2. Here ζ(x) is the zeta function. It is checked numerically that this
subtraction scheme is also valid for massive quarks. We plot the subtracted scalar and
pseudoscalar densities integrated over the bag volume, 〈ψ¯ψ〉finiteV and 〈ψ¯iγ5ǫ(x)ψ〉finiteV ,
as functions of the chiral angle F for several quark masses in Fig. 4 (a) and (b), respec-
tively. The scalar condensate is anti-symmetric under the discrete translation F → π−F ,
while the pseudoscalar condensate is symmetric.
Now, let us consider a self-consistent equation
− 2GR〈ψ¯eiγ5Fǫ(x)ψ〉finite = mR, (33)
which comes from the mean field (7) and (8). Here the bag radius R has been multiplied
in the both sides to make them dimensionless for convenience. The quark condensate on
the left hand side is finite, after performing the subtraction (29) and (30),
〈ψ¯eiγ5Fǫ(x)ψ〉finite = 〈ψ¯ψ〉finite cosF + 〈ψ¯iγ5ǫ(x)ψ〉finite sinF






For solutions of the baryon number B = 1, we include the valence quark contribution.




























where ψval is the wave function of the lowest 0
+ state with positive energy. The valence
contribution is contained only for F < π/2, as indicated by the step function.
By setting G = 1, we compare the left and right hand sides for the self-consistent
equation for several chiral angles F and quark masses m. In Fig. 5 (a), the left hand side
is shown as a function of the quark mass for each chiral angle F = 0, F = π/2 and F = π
by the thick solid, long-dashed and short-dashed lines, respectively. The right hand side
is indicated by the thin line. As we see from the figure, we find self-consistent solutions
with finite quark masses for F = π/2 and F = π, which are indicated by the open circle
and square in the figure. However, we find no solution at F = 0.
More generally, there is a critical angle Fc; there is a self-consistent solution for F ≤ Fc,
while no solution exists for F < Fc. This follows from the decreasing behavior of the quark
condensate, 〈ψ¯eiγ5Fǫ(x)ψ〉finite, on the left hand side of (33) as a function of the quark mass
m. The existence or non-existence of the solution depends solely on the chiral angle F ,
but not on the coupling constant G. However, the value of the quark mass, when the
solution exists, depends on the strength of G; for larger G, m also becomes larger.
In Fig. 5 (b), we show the quark mass m as a function of the chiral angle F . The solid
and dashed lines indicate the quark masses obtained as self-consistent solutions with and
without valence quarks, respectively. The thin and thick lines are for the NJL coupling
constant G = 1 and G = 2. We see that the quark mass increases as the coupling constant
increases. We also confirm that the value of the critical chiral angle Fc is independent of
the coupling constant G.
Although it is not physical, it is interesting to see the results for an empty bag without
valence quarks, which are indicated by the dashed lines in the figure. There, the quark
mass has the maximum value at F = 0 and π, and the minimum value at F = π/2. This
result is interpreted as a change of the quark mass when the self-consistent solution moves
along the chiral circle of σ2+π2 = const. It indicates that the quark mass increases as the
chiral angle approaches the σ axis (F = 0 and π), while it decreases as the chiral angle
approaches the π axis (F = π/2). Once the valence quarks are included when F < π/2,
the behavior of the quark mass changes significantly; it has an effect to suppress the quark
mass.
Here some comments are in order. The subtraction scheme (29) and (30) is adopted
to remove the logarithmic divergence. It is shown that this subtraction scheme provides a
consistent description for the chiral Casimir energy. The derivative of the chiral Casimir















Note that the chiral Casimir energy is defined as an energy difference of the energies at




























Figure 5: (a) The quantities on the left and right hand sides in Eq. (33) as functions of mR.
The open circle and square indicate the quark masses as the self-consistent solutions for F = π/2
and π, respectively. See the text for details. (b) The quark mass m as functions of the chiral
angle F for G = 1 (thine lines) and G = 2 (thick lines). The dashed lines indicate the solutions
in an empty bag in which the valence quarks are not contained. Fc is the critical chiral angle.
2.3 Energy of the NJL chiral bag
Now, we discuss the total energy of the NJL chiral bag, the sum of the pion energy and








2 + λ2(1 + cosF )
]
dx. (38)







Eval + Ec + Eπ, (39)
where the quark energy Eq is given by the valence quark energy Eval for F < π/2,
indicated by the step function, and the chiral Casimir energy Ec. For a given bag radius,
we perform the energy variation with respect to the chiral angle. In Fig. 6, we show the
total energy E, pion energy Eπ, quark energy Eq and chiral angle F as functions of the
bag radius R. We use the coupling constant as G = 1 (solid lines) and 0 (dashed lines).
The latter case is the conventional massless chiral bag without the NJL interaction. We
fix λ = 0.125 GeV to obtain the soliton mass 1 GeV in the Skyrmion limit.
We have the chiral angle which is not continuous from zero bag radius to the finite
bag radius. Namely we have a gap of the chiral angle at the bag radius R ≃ 0.3 fm for
G = 1. Correspondingly, we have gaps in the pion and quark energies, respectively, at
the same bag radius. However, the total energy has a continuous change from the chiral
bag with finite bag radius to the Skyrmion in the zero bag radius limit. If we add the








































Figure 6: Clockwise from the upper-left figure; total energy E, pion energy Eπ, quark energy
Eq and chiral angle F as functions of the bag radius R. The solid and dashed lines indicate
G = 1 and 0 (massless chiral bag), respectively. The thin solid line in the bottom-right figure
indicates the quark mass m.
rather independent of the bag radius R. That means the Cheshire Cat picture, which was
presented in the conventional chiral bag model, also holds in the NJL chiral bag model.
Concerning the non-perturbative dynamics, it is interesting to observe that the quark
mass has a finite value for a finite size bag. For G = 1, we obtain m ≃ 100 MeV at
R = 0.5 fm. It should be noted that the quark mass is almost proportional to the NJL
coupling constant G. Therefore, we would obtain a realistic value for the constituent
quark mass around 300 − 400 MeV by choosing an appropriate NJL coupling constant,
when we apply the NJL chiral bag model to the baryons in 3+1 dimension.
3 Discussion
It is an interesting point in our model that the quark condensate is induced by the NJL
interaction in the chiral bag. Therefore, it would be valuable to discuss our results in
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comparison with the previous studies of the non-perturbative feature in the conventional
chiral bag model. In the chiral bag model with massless quarks, the quark scalar density
was shown to take −0.075 cosFR−3 at the center of the bag in the chiral bag with the
chiral angle F and the bag radius R [35]1. This cosF dependence of the quark scalar
density is similar to that obtained in the present calculation, as we see from Eq. (26).
Although the direct comparison of the coefficients does not make much sense, qualitative
agreement between the two results indicates that we can proceed further discussions about
quark condensates in a formalism of the NJL chiral bag model.
Previously, Kunihiro discussed possibility of applying the NJL model in the chiral bag
presented in [51, 52]. There the strong Σ ∼ 〈q¯q〉 field is considered to cause the chiral
symmetry breaking in the bag. In our discussion, the dynamical quark mass in the empty
bag takes a maximum value at the chiral angle F = 0 and π as shown in the dashed lines
in Fig. 5 (b). This means that the quark mass becomes maximum when the point on the
chiral circle approaches to the sigma axis. That means that the present analysis in the
NJL chiral bag model supports the idea of Refs. [51, 52].
The present conclusion is consistent with the observation that the length scales of the
color confinement and the chiral symmetry breaking may be different [48, 49, 50]. The
color confinement is caused by long range gluon dynamics at the distance ≃ 1 fm, while the
chiral symmetry breaking occurs by a shorter distance scale ≃ 0.2− 0.3 fm, as suggested
by instanton dynamics. Such a separation of the length scales has been considered in
context of the NJL model in the hadron dynamics [50]. In recent approaches based on
AdS/CFT correspondence, it is suggested that there is a window of the gauge coupling
where chiral symmetry breaking occurs in a deconfinement phase [57].
We emphasize again that our discussion in the 1+1 dimensional system is a simplified
version of the realistic 3+1 dimensional system. At first sight, due to the Coleman’s
theorem [47], we may wonder if we can discuss strictly dynamical breaking of chiral
symmetry. However, we expect that the lagrangian (1) in 1+1 dimension gives us a hint
in 3+1 dimension, since there are several common features between the two systems; first,
the baryon number conservation holds in the 1+1 dimensional system, and second, the
F dependence of the chiral Casimir energy is qualitatively the same in both systems.
Therefore, it is expected that the F dependence of the quark condensate would be also
the same, and the self-consistent equation (33) would give a qualitatively similar result.
This observation leads to a speculation that the finite dynamical mass will be obtained in
the 3+1 dimensional system. However, more detailed analysis will be necessary to obtain
a definite conclusion in the 3+1 dimensional NJL chiral bag model.
4 Conclusion
We have discussed the vacuum structure of the chiral bag with the NJL interaction in-
side the chiral bag. We employ the 1+1 dimensional model in order to avoid numerical
complication. In the outside region of the bag, the sine-Gordon field is introduced for
1The chiral angle was indicated by θ in a notation used in [35].
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topological properties as a pion cloud to mimic the Skyrmion in the 3+1 dimensional
system.
Considering the strong correlation between the quarks and pions, the hedgehog ansatz
is employed for the mean fields of the quarks and pions. Solutions of the mean field
equation leads to the dynamical quark mass. We stress that the present model contains the
chiral phase in the mean field approximation in order to include the vacuum polarization,
not only in the scalar channel, but also in the pseudoscalar channel.
As the vacuum polarization is induced by the pion cloud, the baryon number conser-
vation and the chiral Casimir energy are considered. The fractional baryon number from
the sea quark has been shown to exactly cancel that from the pion cloud. Therefore, the
total baryon number is conserved. The chiral Casimir energy has also been shown to have
the periodic structure for finite mean field. These results are based on that the chiral
phase in the mass term leads to the periodic behavior of various quantities as functions
of F modulo π, that is the feature of the conventional chiral bag model. Consequently,
various quantities, when the valence contribution is included, behave smoothly from a
finite bag size to the Skyrmion limit as the Cheshire Cat picture implies. We emphasize
that, without the chiral phase, we do not obtain the smooth behavior a la the Cheshire
Cat picture for massive quark [21, 37].
The finite dynamical mass is induced in the quark sector, once chiral symmetry is
imposed in the mean field in the NJL interaction in the chiral bag. This result supports the
previous conjectures that the non-perturbative dynamics of the quark and gluon remain
inside the bag [35, 39, 51, 52]. It would be interesting to consider the relevance to the
recent observation in the RHIC experiments which indicate strong quark correlation with
finite mass at temperature higher than Tc. Therefore, we need to reconsider the original
picture of the MIT bag model in which a perturbative space is assumed inside the bag.
Because we do not yet have sufficiently clear picture for non-perturbative dynamics of the
bag, it will be an interesting subject to study the realistic 3+1 dimensional NJL chiral
bag, and discuss physical observables, which can be compared with experimental data.
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